We discuss the evolution of a quantum wave packet in the expanding de Sitter spacetime using the plane wave solutions of the Dirac equation. We concentrate on the case of large negative times when the packet approaches the event horizon and confirm that the evolution accords with that expected from the classical trajectories. We point out that in certain conditions the packet can split into two components that become localized at different parts of the horizon and that this effect can be seen, in an idealized sense, as a measuring process for the momentum of the particle, in direct analogy with the measurement of spin in a Stern-Gerlach experiment. 
Introduction
One of the most studied backgrounds in the investigation of quantum effects in general relativity is the de Sitter spacetime. Besides its rather simple mathematical description and the possible relevance to cosmology, an interesting feature of this spacetime is that it contains event horizons [1] . The existence of an event horizon means, in practical terms, that certain points of the manifold cannot be connected by causal geodesics, which introduces radically new aspects in the dynamics of particles and fields compared to that in the usual space. Despite the significative amount of work dedicated to the de Sitter spacetime, * E-mail: nicolaevici@email.ro no studies seem to exist which consider, in a more detailed way, how the event horizon reflects on the evolution of a quantum particle. We have in mind here the basic description in terms of a localized wave packet, i.e. at the pure wave mechanical level, similar to the well-known one in quantum mechanics using the Schrödinger equation. The intention of this paper is to present such an investigation. Specifically, we shall point out some aspects that emerge when considering exactly how the packet behaves in the vicinity of the event horizon in the de Sitter universe. 1 1 To the best of our knowledge, the only papers with some connection to the evolution of a localized wave packet in de Sitter spacetime are [2, 3] , but they do not refer to the behaviour near the event horizon.
We shall focus on the expanding piece of the de Sitter manifold. We recall that the spacetime in this case can be regarded as a dilating Euclidean three-space, in which every point P has an associated (future) horizon H, defined by the two-sphere centered in P with a radius equal to H = 1/ω, where ω is the expansion parameter. The horizon property of H implies that no futuredirected causal geodesic that starts outside H can reach P. Equivalently, if one considers the time-reversed picture, no past-directed causal geodesic that starts at P can reach H. A natural question then is how this property reflects in the evolution of a quantum wave packet. We recall that the quantum modes, for both the scalar [4, 5] and the Dirac field [6] [7] [8] are known, so that the answer lies in a straightforward calculation. We shall perform here such a analysis, considering the evolution of plane wave packets for the Dirac field in the time-reversed picture.
Note that for plane wave packets the motion can be thought as taking place in one spatial dimension, in which case the horizon effectively reduces to two points. We shall identify the point P with the origin of the axis of motion ( = 0) and denote the two horizon points by H ± . Consider now a localized packet around the origin. The classical trajectories suggest that, in the time-reversed picture, the packet will arrive arbitrarily close to the points H ± , but will never pass beyond H ± . We shall explicitly show that such an evolution indeed occurs.
A more interesting behaviour arises in the following case, which actually represents the main point in the paper. Let us denote the wave function in the momentum space bỹ ψ( ) and assume that the mean momentum is comparable to the dispersion ∆ . It is clear that in such a caseψ( ) possesses non-negligible values for both positive negative momenta. The quantum state can be intuitively imagined as a collection of classical particles, with a probability distribution in the space defined by |ψ( )| 2 . Consider the trajectories of these particles evolved back in time. It is easy to see that the particles with > 0 will approach the horizon point on the negative semi-axis H − , and similarly for the particles with < 0 and the point on the positive semi-axis H + . This suggests that the back-propagated initial packet will split into two components and that each of these components will become increasingly localized near H ∓ . We shall present a series of plots that illustrate this effect.
It is also clear from the picture above that the two components encode information about the sign of the momentum in the original packet. More precisely, we shall show that, if one integrates the squared modulus of the wave function near H ∓ at sufficiently large times in the past, the result exactly reproduces the probabilities for to assume a ± sign. Thus, in an idealized sense, the time reversed evolution of the packet in the expanding de Sitter spacetime can be seen as a momentum measuring process, 2 and hence the title of our paper. In passing, note that our imaginary measurement experiment allows an evident analogy with the Stern-Gerlach experiment: the positive and negative momenta correspond to the up and down states of the spin, and the local gravitational field plays the role of the magnetic field that produces the beam splitting. The paper is organized as follows. In order to stay as close as possible to the usual analysis based on the Schrödinger wave packet, we shall use the Dirac field (in both cases the probability densities have similar expressions). In section 2 we present the plane wave solutions of the Dirac equation in the expanding de Sitter spacetime [7] . In section 3 we consider the case of a Gaussian packet and establish the behaviour in the limit of large negative times. The connection with the measurement of the sign of is discussed in section 4. We end in section 5 with a few observation on how the measurement experiment should be reformulated when taking into account the particle production phenomenon, which slightly complicates the picture. In Appendix A we have briefly considered the case of the scalar field, with the conclusion that in the limit of interest the evolution of the packet is essentially the same.
The quantum modes
The line element for the expanding de Sitter spacetime is
with ω > 0 the expansion parameter. We recall that in order to define a spinorial field on a curved background, one has to introduce a tetrad field { μ }. A natural choice when considering plane wave packets in the case of interest is the Cartesian frame associated to coordinates x, i.e.
Note that because of the Euclidean nature of the hypersurfaces = constant, one can include, besides the momentum, also the helicity as a good quantum number. A systematic construction of the modes of the Dirac equation in the momentum-helicity basis can be found in [7] . The result is as follows. The positive energy modes of momentum p and helicity λ = ±1/2 are
where H (1) ν ( ) is the Hankel function of the first kind and
with the mass of the particle. The four-component Dirac spinor is obtained from the column matrix in Eq. (3) by multiplying each component with the unit norm helicity two-spinor ξ λ (p) associated to p, i.e.
Positive energy means that the modes in the infinite past → −∞ behave as a pure positive frequency wave in terms of the conformal time η,
A similar set of solutions defining negative energy modes S p λ ∼ η can be introduced, but we shall not need them here. (In the second quantized theory this set of modes defines the Bunch-Davies vacuum [11] .) The orthonormality relations obeyed by Eq. (3) are (all notations are conventional)
where √ − = 3ω and the time is arbitrary. In the flat space limit ω → 0 the modes (3) reduce (up to a phase, see below) to the positive energy Minkowski modes with the same momentum and helicity, i.e.
The Dirac matrices are in the standard representation with γ 0 diagonal.
where E = ( 2 + 2 ) 1/2 . Unfortunately, an appropriate formula for an analytical evaluation of the limit ω → 0 in the Hankel functions in Eq. (4) seems to be unavailable [9, 10] . The limit can be, however, easily checked with numerical calculations. Let us draw attention to an important technical point when considering wave packets. Note that if one sets = 0, x = 0 in the Minkowski modes (9) , the phase factor is 1 in the upper component and ±1 in the lower component. In the de Sitter modes (3) the corresponding factors are
ν∓ ( /ω). Numerical calculations show that, in general, these phases do reduce to the Minkowski phases for ω → 0. However, it turns out that the difference between de Sitter phases reduces to that in the Minkowski modes, i.e. φ
When comparing wave packets constructed from the two set of modes, it is essential to pay attention to these phases. We do this by eliminating an overall factor φ + ω ( ) from the de Sitter wave functions. 4 These rephased modes will represent the "true" analogue of the Minkowski modes, in the sense that
We restrict our discussion to positive energy plane wave packets. This requires a few redefinitions. We shall assume that the packet propagates in the direction, so we shall only deal with wave functions of the form ψ( ) and momenta p = e . Let us introduce the physical length associated to coordinate at time ,
and similarly for , . From the integration measure in Eq. (8), one can read that the localization probability per unit of physical volume is
For the wave packets of interest it will be convenient to refer to the linear probability density along the axis defined as P/ ˆ = /( ˆ ), and introduce a rescaled wave function Ψ so that
A simple analysis then shows that Ψ can be obtained as a superposition of the one-dimensional modes
where the functions ± and the connection with the fourcomponent spinor are the same as in Eq. (3). The unit normalization condition for Ψ reads
and the orthonormality relations for the new modes are
The packet near the horizon points
We now consider the case of a wave packet. For simplicity, let us restrict to superpositions of helicities λ = 1/2. The general form of Ψ( ) is then given by
where
We are interested in the form of the packet in the limit of large times in the past. More precisely, let us assume that | | is large compared to the characteristic Hubble time 1/ω, i.e.
The useful observation is that in this case the argument of the Hankel functions in Eq. (4) is ∼ −ω ≫ 1, which allows us to use the asymptotic approximation
In these conditions the functions ± reduce to
where note that + = − . This implies that Ψ + = Ψ − , so we can use a single-component wave function. We shall identify this component as Ψ ≡ √ 2Ψ ± . The linear probability density (13) then reads
The evolution of the packet at → −∞ is completely defined by Eq. (23). In Appendix A we have given the formulae that lead to the analogous wave function when considering a scalar field ( ). The basic conclusion is that the probability densities are essentially the same as those determined by Eqs. (22) and (23). This means that all the properties we shall establish in what follows will also be valid, at least qualitatively, for the scalar field.
For an explicit calculation, let us suppose thatψ( ) is a Gaussian function, i.e.
With these conditions the wave function (23) reads
where note the dependence on the physical coordinateˆ . In order to evaluate Eq. (25), we appeal again to condition (21). The observation is that if one considersˆ fixed, the last term in the large parenthesis is ∼ ω ≪ 1 and thus it can be ignored (at this point the undetermined phase φ + ω ( ) disappears from the calculation). Let us further assume that the mean momentum is sufficiently large compared to the dispersion ∆ , so that, thanks to the cut off implied by the function
only the values of with the same sign as will contribute in the integral. This allows us to set | | = sgn × , in which case the integral can be performed exactly. The final expression, neglecting an irrelevant phase factor, is
The conclusion is that, depending on the ± sign of , the localization probability at sufficiently large times in the past is therefore a Gaussian peaked around the horizon pointsˆ
The dispersion of the packet is
The result is in qualitative agreement with the picture suggested by the classical trajectories. Note that, not surprisingly, the contraction of the packet (29) is defined precisely by the factor ω that defines the contraction of lengths at negative times. We should remark that formula (26) has to be accepted with some reservations. The observation involves the horizon property of H ± . If the initial packet at = 0 is completely confined within the horizon (i.e. the non-zero values of the wave function are strictly contained within the interval |ˆ | < 1/ω), then, by causality, the same property will be valid for the back-propagated packet for all past times ≤ 0. This is in contradiction with Eq. (26), which can be seen to allow non-zero values of Ψ for arbitrary |ˆ | irrespective of the initial dispersion ∆ˆ = √ α. This is most probably an artefact from using the approximate expression for the Hankel function (20). A more accurate evaluation should fix the problem, translating the non-zero values within the horizon. For a realistic picture, we represented the evolution of a Gaussian wave packet in Figs. 1 and 2 . The two figures show the packet in Minkowski and de Sitter spacetime respectively. The Minkowski packet is constructed as in Eq. (18), with the de Sitter modes (14) replaced by the analogous one-dimensional Minkowski modes. The evolution in Fig. 1 has the familiar characteristics from the Schrödinger theory. Note that the evolution is symmetric under the time inversion → − , which is a consequence of the special form 5 of ψ( ), combined with the time inversion invariance of the Dirac equation in Minkowski spacetime.
By contrast, in the expanding de Sitter spacetime the evolution equation is no longer time-reversal invariant and the asymmetry between positive and negative times can be clearly seen. Fig. 2 shows the typical behaviour in this case. The essential feature is that as the time decreases the packet approaches the negative horizon pointˆ H − , but, as it should, the non-zero values of the wave function remain restricted to the regionˆ >ˆ H − . Another visible feature is that for > 0 the dispersion grows faster than in the Minkowski case, which is obviously a manifestation of the dilation of lengths. Minkowski spacetime. The wave functionψ( ) is a Gaussian with = 1 and ∆ = 1/( √ 2 ∆ ) with ∆ = 2 5. The curves represent the probability densities at different times which are shown near the curves. The unit scale for all quantities is set by = 1 and the same for all other figures. 5 
The wave function in space that generates the motion backwards in time isψ T ( ) =ψ(− )
* . In our case this function isψ(− ) * =ψ( − ), which explains the symmetry. 
The splitting of the packet and the sign of
Consider that the dispersion ∆ is comparable to, or larger than, the mean value , so thatψ( ) allows nonnegligible values for both signs of . We can still proceed with Eq. (25) and ignore the phase φ 
where the form ofψ( ) can be arbitrary. Now the useful observation is that, because of the factor −ω ≫ 1 in the curly brackets, the phase factor exp {± } will rapidly oscillate with , unless the quantity in the parenthesis is close to zero, orˆ ± 1/ω ≃ 0. This means that the significant values of Ψ (±) will be concentrated around H ∓ = ∓1/ω, which is basically the conclusion from the previous section. However, the picture is different in this case, since both components Ψ (±) can have non-negligible norms. In such a situation, it is apparent that the initial packet propagated back in time will split into the packets Ψ (±) . Let us detail the connection with the measurement of the sign of . From the previous calculation it is clear that the dispersion of each packet becomes arbitrarily small for → −∞. Let us denote by ∆ ± the intervals around H ± that contain the non-negligible values of Ψ (∓) before a time , far enough in the past that ∆ ± do not overlap. The unit localization probability can then be decomposed as
Since the integrands vanish outside ∆ ± , the integrations in Eq. (33) can be extended to the wholeˆ axis without affecting the result. Introducing Eq. (31) in the extended integrals, a simple calculation gives
In other words, the probability of localizing the particle near the horizon points H ± at sufficiently large times in the past exactly reproduces the probability for the momentum to assume a ∓ sign. Thus, the reversed evolution of the packet can be seen as a measuring process for . The evolution at negative times showing the splitting of various packets is represented in Fig. 3 . The functioñ ψ( ) for each packet is the Gaussian (24) with a fixed ∆ and different mean momenta . Note that the figures (a)-(c) correspond to three decreasing values of ≥ 0. It is easy to see that a decreasing implies for the probabilities in the space in Eq. (34) an increasing value for the case sgn = −1 and a decreasing value for the case sgn = +1. According to Eq. (33), this should reflect into an increasing localization probability near H + and a decreasing probability for localization near H − . This can be clearly observed on the plots. In particular, in the last diagram with = 0 the two probabilities are equal P (±) = 1/2. Finally, a natural question when considering the curves in Fig. 3 is at which time S the components Ψ (±) become completely separated. (In the hypothetical measurement experiment, this would provide a convenient time for collapsing the wave function.) Unfortunately, an analytical calculation of S is not a simple task due to the difficulties implied by the functions H ν ( ). However, one can easily find an approximation based on the classical trajectories. We present the idea in Appendix B. The result is particularly simple if one assumes that the dispersion ∆ˆ of the initial packet is small compared to the horizon radius and that the momenta in the initial packet are non-relativistic, i.e.
One finds in this case that an upper bound for | S | is 
Implications of spontaneous particle creation
An aspect we have obviously ignored in our discussion is related to the fact that we are dealing with a nonstationary background, and thus we have to face the well known issue of the ambiguity of the particle concept [11] . The physical picture in this case should include the phenomenon of spontaneous particle creation, so that the description in terms of a one-particle wave function is no longer sufficient. As a matter of principle, let us briefly indicate how the gedankenexperiment for measuring the sign of should incorporate this fact. We assume that we are dealing with a charged field, corresponding to the U(1) symmetry of the theory. Suppose that, at time = 0, the field is in a one-particle state, described as before by the wave functionψ( ). At an arbitrary time = 0, the state will generally evolve into a multi-particle state. The detailed picture will depend on the choice of the wave functions that define the particle and antiparticle states, but this is not relevant to our argument. Let us observe that, if the field is initially in the vacuum state, the translational symmetry of the hypersurfaces = constant assures that it will evolve into a homogenous state, characterized by some number of particles and antiparticles per unit of space. By the U(1) symmetry, the net density of charge will remain exactly null throughout the space. On the other hand, the initial one-particle state will evolve into a non-homogenous state, characterized by some charge density ρ( ). By general arguments, this quantity will be proportional to the squared norm of the wave function ψ( ) determined byψ( ) in the one-particle theory, i.e.
(More precisely, depending on how one defines the physical one-particle modes at = 0, the wave function ψ( ) will generally be a superposition of positive negative frequency modes, i.e. U S λ and V S λ . This is however of not much importance. It turns out that as in the Minkowski case one can define a point-independent charge conjugation operation [7] that relates the two set of modes, which means that the evolution of the negative energy component will practically reproduce that of the positive energy component. This implies that the overall picture will be essentially identical to that for the positive energy wave packed considered here. 6 )
Recall now the evolution of Ψ( ˆ ) at negative large times. Keeping in mind the observations above, it is clear that the probability densities will translate into a charge density ρ ∼ Ψ + Ψ concentrated near the horizon points H ± . In turn, this will determine a net charge Q (±) localized near H ± , and from Eq. (33) one can read that
The conclusion is that by measuring the excess charge near the horizon points one can determine P (±) , which basically settles the question. Let us end with another observation in the line of our gedankenexperiment. It is evident that if the expansion parameter ω is sufficiently small, the particle creation phenomenon can be ignored. It is interesting to consider the following comparison. Imagine that we have a de Sitter "measuring apparatus" with a variable ω. We recall that, in a Robertson-Walker spacetime characterized by an expansion parameter ω, the particle creation rate is a quantity proportional with the factor −2π /ω [11] . This shows that, if one chooses ω sufficiently small compared to , one practically sets to zero the particle production rates. However, one may object that a value for ω which is too low would be an "inconvenient" situation, in the sense that this increases the time (36) at which the packet splits, and thus pushes the appropriate time for collapsing the wave function too far into the past. It is nice that, up to a logarithmic factor, this time increases only as ∼ 1/ω. This stays in sharp contrast with the ω-dependence in the exponential factor that suppresses the production rates. In other words, by decreasing ω one can eliminate the complications due to the particle creation effect, without increasing the measurement time too much.
From a more physical point of view, it might be also relevant to observe that, if one has in mind the masses of the known particles, by allowing the characteristic splitting time 1/ω to be any macroscopic time, in the usual sense, spontaneous creation for the massive particles would effectively be non-existent. 
The linear localization probability density reads
The unit normalization condition is 
